Schrodinger equation for spin-less particles has an exact hydrodynamic model, which can be used to study quantum transitions, using causal functions. This has the potential to throw light on the nature of quantum entanglement, which is not studied here.
Introduction
As we'll see, there is a complete hydrodynamic model of the motion of a spin-less quantum particle in an external field, in such manner that to each stationary state there corresponds a steady flux of the model.
Given that there is a well defined procedure to transform wave functions into hydrodynamic fields, and viceversa, this opens the possibility of studying quantum transitions as unsteady fluxes. The use of this method could throw light on the nature of quantum entanglement, which is not studied in this paper, since the hydrodynamic analogy is valid even for many-particle systems, at least when the masses are equal.
In absence of magnetic fields, the hydrodynamic field, which is the quantum field of velocity, defined as the quotient of the current of probability and the corresponding density, represents a potential motion.
If there is a magnetic field the velocity becomes rotational, and
which explains the Bohm-Aharonov effect [1] , and calls to investigate a physical connection between quantum momentum and the vector potential of the electromagnetic field. This is a hydrodynamic version of the operational equationp = −ih∇ + e c A, which is the quantum counterpart of the equation
that defines the generalized momentum of a charged particle under the action of an electromagnetic field, in the realm of analytic mechanics. Hydrodynamic analogies were used before to model quantum systems in the classical limit [2] . Those models were derived from BohrSommerfeld's old quantum theory and the correspondence principle, which lead to suppose that, in the classical limit, the phase of the wave function becomes equal to the mechanical action. Those analogies are not valid in general, because the gradient of Bohm's potential [3] , which is precisely the term from which the quantum stress tensor of the hydrodynamic model is formed, is neglected.
As we'll see, however, there are valid hydrodynamic analogies even for strictly quantum motions, because, as follows from Schrodinger equation,
and
where v is the quantum field of velocities, A is the vector potential of the electromagnetic field, and φ is the phase of the wave function.
The Hydrodynamic Model
From Schrodinger Equation
where Ψ is the wave function and V is the potential energy of a classical particle, it is shown that
which is interpreted as a distribution of probability, and
Equation (8) can be written as
where we have introduced the velocity field
Taking the gradient of both sides of (7), and dividing the resulting equation by ρ, we get
Adding (9) and (11)
where
Observe that, according to equation (12)
In particular,
for any closed path. According to the continuity equation the material derivative of the density is given by
As it is well known from Quantum Mechanics ([2] p. 223), doing the substitution (14) the Schrodinger equation (5) is transformed into a pair of real equations
is the quantum potential of the De Broglie-Bohm theory.
Equation (20) is mathematically equivalent to (6), which is written as:
We use equations (12) and (21), as well as the identity
to show that m ∂v ∂t
Equation (25) can also be written in the form
removing thus the divergence of Bohm's quantum potential. It is easily shown that F is the divergence of a second order symmetric tensor:
The magnitude
is a kind of "pressure", whilst the tensor
plays the role of a "shearing stress" [4] . Equations (12), (14), (23), (25) and the condition ρdv = 1 (31) make up a complete hydrodynamic representation of the motions described by (5) . They model the flux of probability as a flux of classical locally interacting particles. The hydrodynamic view, however, is more general than Schrodinger's view, because it allows us to make statements about the motion between stationary states, and about the motions that result from the relaxation of the condition ∇×v = 0, and test the validity of those statements. It's well known from quantum mechanics that if V is the potential of a central field of forces the eigenfunctions of the Hamiltonian can be chosen real, and the corresponding field of velocity is zero everywhere. Those states correspond to the hydrostatic limit of equations (23,25), where v ≡ 0 and ∂ρ ∂t = 0. In this limit
that has the solution
which is equivalent to the equation that results from dividing by √ ρ both sides of the time independent Schrodinger equation:
because √ ρ = ±ψ where the wave function is real.
In general, a stationary state of the system described by equation (5) corresponds to a steady flux of the hydrodynamic model, and the value of the energy corresponds to Bernoulli's integral of hydrodynamics.
The equations for steady flux are
, and equation (35) is transformed into
that has a first integral
where φ is a scalar potential for the field mv, which is also irrotational. The continuity equation takes the form
Equations ( 
m∇(v
2 ) and mv = ∇φ in (25):
This equation can be written as.
showing that there is a function f (t) such that
Therefore ∂χ ∂t
Equation (42) is equivalent to (21), which together with the continuity equation, determines the evolution of non stationary quantum states.
This suggests that, at least for this system, non steady and possibly rotational fluxes, could be used to describe quantum jumps using causal functions.
Charged Particle in an Electromagnetic Field
The wave equation for a charged particle in an electromagnetic field generated by the electrodynamic potentials Ω and A, subject to the Coulomb condition
is
In this case
that can be written in the form
Adding (48) and (11) we find that
Observe that now we have
where H is the magnetic field. Furthermore
where Φ H is the magnetic flux embraced by the circuit of integration. Equation (52) shows that we could explain the Bohm-Aharonov effect as a manifestation of a physical relation between the field of momentum and the vector potential of the electromagnetic field. Actually:
which according to Faraday-Lenz law should be equal to e E.dl,
where E is the intensity of the electric field.
From (49) and (52), we deduce that
allowing us to show that (46) is equivalent to a pair of real equations(v. appendix)
Using equation (49), (57) is transformed into
(59) Which, on account of (45), can be simplified to (20), which is equivalent to the continuity equation.
We use now (49) to transform (58) into
We take the gradient of both sides of this equation and reorder the terms to obtain
and then m ∂v ∂t
equals the external electric field. Using (24), (27) and (52), (62) can be written in the form
showing thus that, also in this case, there is a valid hydrodynamic analogy.
A relativistic model of particle-wave duality
We consider a theoretical system made of two covariant fields ρ and pa, such that
From (65)
Therefore
which can be written in the form
We use this to prove that
Equation (71) can be written in the form
where e is the electronic charge; c is the speed of light;
is the four-velocity associated to p a ; F ab is an electromagnetic field generated by a four-potential Aa, such that
and Φ is a solution of the differential equation
(The second equality follows from equation (66).) Equation(72) describes a relativistic flux of charged particles under the action of an electromagnetic field and a density of four-force
Under this interpretation pa is the four-momentum of the particles and ρ is the density of particles in the system of reference where they are in rest. According to equation (75), fa is a kind of reaction associated to interchange, creation and/or annihilation of particles, all of them processes under which the elements of the fluid lose their physical individuality, as has been observed by Prandtl & Tietjens [5] .
Equations (74) and (75) are analogous to (49) and (19). Also,
which is analogous to (52). The electronic charge e and the mass of the particles, however, are introduced here in an arbitrary fashion. Also, although Φ has the units of action, it is not completely clear why Planck's constant should be introduced-as the standard deviation of Φ, for example.
Finally we note that the electrical current associated to the field F ik is given by the equation:
which, again, includes a term that could be associated to interchange, creation and/or annihilation of particles.
Appendix
Let's write the solution of equation (46) 
